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Abstract. In this paper, we study a localized version of dp-rank and show this local 
version relates to the standard global dp-rank in the natural way. We also show that local 
dp-rank, VC-density over indiscernible sequences (VCi n( j-density), and UDTFS-rank over 
indiscernible sequences are all identical. As a corollary, we get that VCi n d-density is always 
integer valued. 



1. Introduction 

Since the advent of stability theory, there have been several fashions in the development of 
model theory. After several years of concentrating on stability theory proper, the combi- 
natorial faction moved on to simple theories, establishing an extensive technology around 
these. Of course, any simple unstable theory has the independence property (and not the 
strict order property), and it is only relatively recently that model theorists (outside of o- 
minimality) have turned attention to dependent unstable theories (theories with NIP) as 
such. 

One of the important projects in the study of dependent theories is to find a reasonable 
analogue for dependent theories of super-stability and super-simplicity. The notion of strong 
dependence seems to be the most popular proposal so far. Its definition is often rendered 
through the auxiliary notion of dp-rank, and (at least) two equivalent definitions of dp-rank 
have appeared in the literature. We present these, and the reader will find that both of these 
definitions are "global" in character. 

We begin by recalling the definition of ICT-pattern (found also in [2HHE1I9]): 

Definition 1.1. Fix n < u, a < u and a tuple of variables x. An ICT-pattern of depth n 
and length a in the variables x is a collection of formulas ^(x;^) together with an array 
(pij : i < n,j < a) where lg(&ij) = lg(l7j) for i < n such that, for all s € n a, the following 
ip-type is consistent: 

(1) {^(p(x;bij) : i < n,j < a,j ^ s(i)} U {<p(x; b ijS ^) : i <n}. 

If a = u, we say this is an ICT-pattern of depth n in the variables x. 
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For n < oo, we will say that a tuple of variables x has dp-rank < n if there exists no ICT- 
pattern of depth n + 1 in the variables x. Of course, assuming there are no repetitions, this 
depends only on the length of x, so if k = lg(x), we will denote this by dpR(/c) = dpR(x) < n. 

Another rendering of dp-rank goes through complete types: 

Definition 1.2. Let B C CC, and let q(x) be a complete type over B. Then dpR(g) < n if 
for any realization a N q and any n + 1 mutually B-indiscernible sequences Iq, ...,I n , at least 
one of them is indiscernible over Ba. 

(Here, "mutually .B-indiscernible" means that for each k < n, Ij is indiscernible over the 
enlarged set B U ^) 

Equivalently, dpR(g) < n if and only if there does not exist an ICT-pattern so that each 
type as in ([1]) is consistent with q (see Definition 1.2 of jl], where they call this a randomness 
pattern). By setting dpR(/c) = max{dpR(p) : p G Sk(T)}, one recovers the equivalence of 
these definitions of dp-rank easily enough. In any case, we then have the following definition 
of strong dependence: 

Definition 1.3 Q8J). A theory T is strongly dependent just in case there is no ICT-pattern 
of depth u. 

Using Definition 11.21 [J| shows that dp-rank is sub-additive in the following sense. 

Theorem 1.4 (Theorem 2.7 of [4]). //dpR(l) < n, then dpR(fc) < kn for all k < to. More 
precisely, for any k < uj and a ,...,a k _i G if dpR(tp(aj/£>)) < n for each i < k, then 
dpR(tp(a ...a£i_i/-B)) < kn. 

While super- simplicity per se is not really a local property, the basic concepts of stability and 
simplicity are local: a single formula can be stable even in an unstable theory; a theory is 
simple just in case all local D-ranks are finite. One aspect of this paper, then, is to establish 
a definition for "local dp-rank" and to demonstrate that our definition really is the natural 
localization of the existing global definitions. We then consider two (modified) concepts 
that are relatively well-known in the world of dependent theories, VC-density and uniform 
definability of types over finite sets (UDTFS). For both concepts, we consider restrictions to 
(finite) indiscernible sequences. That is, we examine vci n d, VC-density where parameter sets 
must be indiscernible sequences, and UDTFSi n a, which is UDTFS-rank where, again, pa- 
rameter sets must be indiscernible sequences. We show that both vc in d and UDTFSi n d are in 
fact identical to local dp-rank, and this fact has a number of interesting consequences, which 
we examine in the conclusion. This relationship is, to our knowledge, the first established 
connection between dp-rank and a definability-of-types condition. 

We should note that the eventual goal of our study is to understand VC-density and UDTFS- 
rank over all sets. However, in this paper, we restrict our attention to indiscernible sequences. 
We do this for two reasons. Firstly, working over indiscernible sequences simplifies the prob- 
lem and yields tangible results - one has to start somewhere. For example, the local UDTFS 
conjecture holds over indiscernible sequences (Theorem 1.2 of [3]) but is still open over all 
sets. Secondly, when restricting VC-density and UDTFS-rank to indiscernible sequences, 
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one gets a direct relationship with local dp-rank. No such relationship holds when looking 
over all sets. 



2. Definitions 



There are many ways of characterizing dp-rank, including extendability of mutually indis- 
cernible sequences (see Definition 11.21 above or Lemma 1.4 of [9]). In this paper, we wish 
to take a local approach. A direct definition of local dp-rank turns out to be somewhat 
cumbersome to work with, so we first make an auxiliary definition regarding functions on 
finite linear orders: 

Definition 2.1. Let M = {0, l....,M — 1} < to be an integer, and let / : M — > 2 be some 
function. Let < N, n < oj. Consider a family of subsets X , ...,X n _i C M such that 

1n,u- for each % < n, Xi is convex; 
27v, n - for each i < n, \Xi\ < 2N + 1. 



for some family (Xi) i<n satisfying l N>n and 2 NjTl , then we say that S is an (N,n) -remainder 
of M (to define S, we exclude not only the convex sets Xi but also the first 2N + 1 elements 
of M). The convex subsets of S form a partition of S corresponding to the equivalence 
relation; set i ~s j if the closed interval between % and j is contained in S. If f(i) = f(j) 
whenever i ~^ j, then we say that S is f-good (is good for /); otherwise, S is f-bad (is bad 



For the remainder of this paper, we work in a complete, first-order theory T with monster 
model <£. For a formula 9(x), let ^(a;) = -i6(x) and let 6{x) 1 = 9(x). Define the truth value 
function TV from the set of all (^-definable sentences to 2 = {0, 1} as follows: 



Definition 2.2. We say that a formula ip(x;y) has dp-rank < n, denoted dpR(y?) < n, if 
there is an N < u such that for all M < oj, all indiscernible sequences (pi : % < M), and all 
a G € x , there is an (N, n)-remainder S C M which is good for the function i h-> TV((p(a; 

We can relate this to an equivalent model theoretic statement. The following proposition is 
easy to verify using a simple compactness argument: 

Proposition 2.3. For any formula <p(x;y) and n < u, dpR(</?) < n if and only if, for all 
indiscernible sequences (6j : i £ Q) and all a G £. x , there exists a convex equivalence relation 
~ on Q with exactly n+l infinite ^-equivalence classes and at mostn singleton ^-equivalence 
classes (and no other ^-classes) so that, for all i,j 6 Q with i ~ j, \= ip(a,bi) -H- tp(a,bj). 
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Before moving on, we record a purely combinatorial lemma on remainders that will be useful 
for proving that our local dp-rank is really the appropriate localization of the existing global 
dp-rank. 

Lemma 2.4. Let n,N,M < u, and suppose f : M — > 2 is such that no (N, n) -remainder of 
M is good for f . Then there is an order-preserving injection g : (n + 2)N — » M such that 

(1) f(g(i)) = f(g(j)) whenever IN + Ki,j<(l+ 1)N, 

(2) f(g(lN))^f(g(lN + l)), 

for all I — 0, 1, n + 1. 

Proof. Firstly set a_i := and for I — 0, 1, 2, n, define 

a, = min {j : + 2N < j < M A f(j) ^ f(j + 1)} 

Also, define X\ = {j : a\ < j < ol\ + 2iV} for each I = 0, 1, n. This construction is possible 
simply because none of the (N, n)-remainders given by {Xi : I < m} for m < n is /-good. 
Now, observe that for each / < n, (ai — 1) — (o^-i + 1) > 2N. By pigeonhole, we may 
select jif 1 < ■ ■ ■ < in the interval (cfy_i + 1, a t ) such that fij 1 ' 1 ) = /(jt _1 ) for all 

s,t = 2,...,N- 1. 

Finally, define g : (n + 2)^ -> M as follows: 

• g(lN) = ai and ^(ZiV + 1) = a* + 1 for I = 0, n 

• g(lN + s) = j 1 ' 1 for I = 0, n and s = 1, TV - 1. 

It's easy to see that g has the desired properties. □ 

We move now to the definitions of vc; n d, VC-density over indiscernibles, and UDTFS; n d, 
UDTFS over indiscernibles. We also look briefly at the unrestricted versions of these ideas. 

Definition 2.5. We say that a formula ip(x;y) has VC-density < £ for some positive real 
number £ if there exists K < u such that, 

\S V (A)\< K ■ \A\ e 

for all finite sets A C €?. We denote this by vc((p) < £. 

Recall that S V (A), for A C C^, denotes the set of y>types over A, and a y?-type is just a 
maximal consistent subset of {±ip(x,a) : a E A}. 

Definition 2.6. We say that a formula ip(x;y) has VC ni &- density < £ for some positive real 
number £ if there exists K < lu such that, for all finite indiscernible sequences (pi : % < M) 
(with M > 1), we have that 

|S' v ,({6 i :i< M})|<K-Mf 

We denote this by vc in( i(y?) < ^. 
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Definition 2.7. We say that a formula (p(x; y) has independence dimension < d, denoted 
ID {ip) < d, provided, 

\S< p (A)\<2 d 

for all finite sets ic5? with \A\ — d (Note: this is the dual notion of VC- dimension, so it 
is sometimes denoted VC*((p) = ID (<£>)). We say that a formula has NIP (or is dependent) 
if ID(tp) < u. A theory T has NIP (or is dependent) if all formulas have NIP. 

From a well-known theorem of Laskowski (see 0), we know that vc(y?) < u -<=>- ID(</3) < 
Obviously, VC in( j- density is bounded above by the usual VC-density - that is, for all formulas 
ip(x;y), vci n a(<p) < vc(<£>). However, the reverse - vc((p) < vc in( j(v3) - can fail even in w-stable 
theories (see Lemma 4.8 of [1] for example). The following theorem is a simple application 
of compactness and Ramsey's Theorem. 

Theorem 2.8. For any formula (f(x;y), the following are equivalent: 

(1) ID(^) = oo ; 

(2) There is an indiscernible sequence (bi : i < u) in y such that for every W C u, there 
is an aw £ £ x such that 1= <f(aw', h) -<=>- i E W for all i < u. 

From this, the following proposition is straightforward, although there seems to be no hope 
of explicitly relating the three quantities in general. 

Proposition 2.9. For any formula ip(x;y), the following are equivalent: 

(1) vc ind (v9) < LU 

(2) ID(p) <u, 

(3) vc((p) < LO. 

The last concept we consider is that of "uniform definability of types over finite sets," 
abbreviated UDTFS (see, for example, [3] for more details). Here, we deal with its restriction 
to indiscernible sequences, and we have found it most natural to deal with this idea as a 
rank. 

Definition 2.10. We say that a formula (p(x;y) has UDTFS\ n <i-rank < n for some positive 
integer n if there exists some K,N < u and a finite collection of formulas 

bl>e(y;~Z0,0, -,Z0,N-1, ■■; Zn-1,0, ...,^-1,-^-1,^0, : I < L} 

such that, for all finite indiscernible sequences (6j : i < M), there exists i , %k-\ < M 
such that, for all a G <£ x , there exists jo, j n -\ < M and £ < L such that, for all i < M, 

N <f(a;bi) if and only if N ^(fy; b jo+0 , ...,b jo+N -i, ...,b jn _ 1+0 , ...,b jn _ 1+N ^ 1: b io , b^). 

We will denote this as UDTFS in d(y?) < n. 

Proposition 2.11 (Theorem 1.2 (ii) of [3j). For any formula ip(x;y), ID(yj) < u if and only 
z/UDTFS ind (^)<u;. 

Given Proposition 12.9} it follows that vc in d(y?) < oj if and only if UDTFS in d(y?) < u>. This 
correspondence is actually as tight as possible - in Theorem 14.14 we show that these two 
ranks are both equal to local dp-rank. 
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3. Localizing the definition of dp-RANK 



We dedicate the first part of this section to the proof of Proposition 13.11 showing that global 
dp-rank and local dp-rank coincide in the natural way. For clarity in the exposition, we 
break the proof into two lemmas, 13.21 and 13.31 Subsequently, we take a slightly closer look 
at how much indiscernibility is actually relevant in the definition of local dp-rank, and we 
look briefly at the (im)possibility of sub-additivity of local dp-rank. 

Proposition 3.1. For a fixed tuple of variables x and n < to: dpR(af) < n if and only if, 
for all formulas (p(x;y), dpR(<£>) < n. 

Lemma 3.2. If dpR((p(x;y)) > n, then dpR(af) > n. 

Proof. Assume dpR(y2(x; |/)) > n. We define ^(x;^,^) to be the formula -^((p(x;y ) <H- 
ip(x\y~i)). By compactness, it suffices to prove the following, 

Claim. For each K < u, there is an indiscernible sequence (pi : i < (n + 2) ■ 2K) such 
that the derived array ((b2i+i-2K,b2i+i-2K+i) -l <n,i < together with ?p(x; y , y^ is an 
ICT-pattern of depth n + 1 and length K . 

Let K < us be given, and set N = 4(K + 1). Since dpR(^) > n, there are an indiscernible 
sequence (pi : i < M) and a tuple a such that the function i \-t TV((p(a,bi)) admits no good 
(N, n)-remainder. By Lemma \2A\ there is an order-preserving injection g : (n+ 2)N — > M 
such that 

• IN + 1_< j <_]' <{l + l)N =^ t= ^(a,b gijh b g(f) ) 

• N iJ)(a,b g Q N ),b g (i N+1 )). 

for all I < n + 1. We claim the array ( yj-a+iiK, &2i+z-2if+i) I <n,i < if) works. To see 
this, choose any map s : (n + 1) — > K . From this, fix some order-preserving injection 
h s : 2K(n + 1) -> (n + 2)N such that, for all I < n, 

h s (2 ■ s(l) + I ■ 2K) = IN and h s {2 ■ s(l) + I ■ 2K + 1) = IN + 1. 

Since N = A(K + 1), this is always possible. We therefore get that, for all I < n, for all 

i<K, 

N ip(a,bg( hs (2i+i-2K)), b g (h s (2i+i-2K+i))) if and only if i = s(l). 
Therefore, by indiscernibility with the formula 

s (x;^ <2K (n+i) :=3x f\ ^(x,y 2i+l . 2K ,y 2i+l2K+i y l t=s{l) , 

l<n,i<K 

we see that there exists some a s such that, for all I < n, for all i < K, 

N ip{a s ,b 2i+ i.2K,b 2 i+i-2K+i) if and only if i = s(l). 

Therefore, ( (b~2i+i-2K, b2i+i-2K+i) : I <n,i < together with -^(x;^,^) is an ICT-pattern 
of depth n + 1 and length K. □ 

Lemma 3.3. 7/dpR(x) > n, then, for some (p(x;y), dpR(ip(x;y)) > n. 
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Proof. Supposing that dpR(x) > n + 1, let (ipi(x, y { ), (fejj : j < co) : i < n) be any ICT- 
pattern in x of depth n + 1. Let ip(x; y Q , y n ) be the formula Vi<n V^O^i We will verify 
that dpR(y?) > n + 1. By Ramsey's theorem and compactness, we may assume that the 
sequence ((b~o t j...b n ,j) '■ j < w) is indiscernible. Now we show that, for every N < co, there is 
anaGf 1 such that there is no (N, n)-remainder for the function 

/ . 5iV (n + 2) ^ 2, f(j) = TV(<p(a;boj, ...,b n j)) 

Let s : n+1 — > co be given by s(i) = 5N(i + 1), and set Z = {5N(i + 1) : i < n}, the image 
of s. By hypothesis, we choose an a = a s such that 

t= tpi{a,bij) s(i) = j 

for alH < co, and it follows that 

1= cp{a;b 0>j , bnj) jeZ 

when j < 5N(n + 2). Now, suppose that S is an (N, n)-remainder of 5N(n + 2) via 
(X , Jf n _i). It's not difficult to see that \Xi f] Z\ < 1 for every i < n, so S fl Z 7^ 0. 
Now, if for some j G 5 1 fl Z, j/~5 contains two elements, then / is not constant on j/~5, 
and so S is not /-good. On the other hand, if j/~s = {j} for each j E S P\ Z , then there is 
an ~5-class C with at least N(3n + 10) — (2n + 1) elements; hence, there is an i < n such 
that 5N(i + 1) and 5N(i + 2) are both in C . It follows that / is not constant C , and S is 
not /-good. Thus, there is no way that S is /-good, and as 5 was arbitrary, this completes 
the argument. □ 

Lemma 3.4. dpR is sub-additive for Boolean combinations: 

(1) dpR(-i^) = dpR(<£>) for every formula cp = <p(x;y). 

(2) For any formulas <pi(xi;y),(p2(x2',y), if dpR(y?i) < ni and dpR(<^ 2 ) < n 2 , then 
dpR {(fi A ip 2 ) < n l + n 2 . 

Proof. Notice that (1) is trivial. To show (2), suppose dpR(<^) < n\ via N\ < co for each 
I = 1,2. Suppose M < co, (b~i : i < M) is an indiscernible sequence in and Hi G <t Xl for 
1 — 1,2. For each 1 — 1,2, let Si be an (iVj, n;)-remainder of M via (Xg, which is 

good for the function, 

i 1 ^ TV(v9;(a;; 

Set = max {Ni, N 2 }, and let 5 be the (N,n% + n 2 )-remainder of M obtained from the 
family Xj for j < n\ together with X? for j < n 2 . Then, it's not hard to see that S is good 
for the function, 

i 1 y TV((fi(ax;bi) A (p 2 (a 2 ,bi)). 

□ 

Remark 3.5. There is little reason to think there is an analog of Lemma 13.41 for treating 
quantifiers, and consequently, it seems unlikely that one could prove Theorem 11.41 without 
passing through Definition 11.21 or something very close to it. In this regard at least, the 
argument for sub-additivity of dp-rank in |4] is "from the book." 

To finish this section, we note that considering fully indiscernible sequences (pi : i < M) in 
the definition of local dp-rank is not really necessary. 
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Definition 3.6. For a partitioned formula (p = <p(x; y) and M < u, let be the set of 
formulas, 



s : m — > 2 



Now, the last proposition of this section follows form what we have already done by standard 
compactness arguments. 

Proposition 3.7. The following are equivalent for any partitioned formula <p(x; y): 

(1) dpR((f(x;y)) < n 

(2) There are N,N' < u such that for any M < u, any -indiscernible sequence 
(b~i : i < M) and any a G <t x , there is an (N , n) -remainder S good for the function 
i ^ TV(<p(a; b t )) (in fact, N' = 5N(n + 2) suffices). 

4. Relating VC ind -densities, UDTFS ind -RANKS, and dp-ranks of formulas 

In this section, we show that the indiscernible-restricted versions of VC-density and UDTFS 
are precisely the same as local dp-rank. Subsequently, we collect a few interesting but 
relatively straightforward consequences. 

Theorem 4.1. For any partitioned formula tp(x;y) and any n < u>, the following are equiv- 
alent: 

(i) The UDTFSind-rank of ip is <n; 

(ii) The VC-^- density of ip is < n; 

(iii) The dp-rank of p is <n. 

That is, dpR(y?) = vc in d(y3) = UDTFSi n( j(y). 

Proof of (i) =>• (ii). Suppose UDTFSi n d(<^(x; y)) < n via 

F = {ipi (y; (~Zi,j)i<n,j<N, (w k ) k<K ) : I < L} 

for some N,K,L < u. Now, if (6j : % < M) is an indiscernible sequence in y, it is not hard 
verify, using F, that there is surjective map 



LxM n ^S (p (^{b i } 



which shows that 



Sip ({bi} i<M ) — LM n . As (bi : i < M) was arbitrary and L is fixed, it 
follows that vci n d(y?) <n. □ 



Proof of (ii) (iii). Suppose that the dp-rank of cp is > n. As in the proof of Lemma [3.21 
for any K < u, we may assume that there exists an indiscernible sequence (pi : i < 2K(n+2)) 
and a such that 
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(i) For alll < n + 1, all 2K£ <j< f < 2K(£ + 1), N y>(S; fy) <R> p(a, &,■/); and 

(ii) For all i < n, N -i(p(a; &2X-(/+i)) ^ <p(a, 

For any choice of io < ... < i n < we can create an order-preserving map from K to 
2K(n + 2) for which %$_ h-> 2AT(£ + 1) for all £ < n. Using indiscernibility and the conditions 
above, each such map yields a different <£>-type over (6j : i < K). Therefore, we see that 

\S v ({k : i < K})\ > (J^). 
Since (JTJ € £7(AT™ +1 ), this shows us that the vc in d(y3) > n. □ 



For the proof of (iii) =>- (i), it will be convenient to isolate a very useful lemma (proved in 
[3]) that quantifies how an indiscernible sequence can fail to be an indiscernible set. 

Lemma 4.2 (Lemma 1.3 of [3]). Let (p(x;y) be a partitioned formula. Let N < u> and let 

I = (I, <) be any linear order. For any A^ -indiscernible sequence (6j : i G /) which is not 
a A^ -indiscernible set, there are a number t < N — 1 and a formula S G ±A^ ; such that 

/or all i < ii < ■ ■ ■ < in-i in I- 

Proof of (iii) =>■ Suppose dpR(y?(a;; y)) < n., and let iV < u; witness this as in Definition 
I2T21 Let AT' = 5N(n + 2) and A = Aj'. 

Claim. Suppose M > N' , {bi : i < M} is a A-indiscernible set and a G <£ x . Then either 
| {i < M : \= y?(a;o~i)} | < n or | {z < M : 1= -^(p(a;bi)} \ < n 

Proof of claim. If not, then by indiscernibility, we obtain t G {0, 1} and a' G £. x such that 

N <^(a'; i G {5iV(r + 1) : r < n} 

Largely copying the last part of the argument for lemma [3731 we find that dpR(<^) > n + 1, 
a contradiction. □ 



Now, for an indiscernible sequence {bi : i < M) and an a G £ x , there are four cases to 
consider: 

(1) M < V: 

(2) M > N', {bi : i < M} is a A-indiscernible set, and | [i : N y?(a;&i)} | < n; 

(3) M > AT', {bi : i < M} is a A-indiscernible set, and | {i : N -iy?(a; 5;)} | < 

(4) M > N', but {bi : i < M} is not a A-indiscernible set. 

For case (1), the set Fi = {ipj : I C N'} where 

(y; (w k )k<N') = \J(y = w k ) 

k£l 
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works. Let 

i> + (y; (z i; o)i<n) = \J{y = Zi,o) and ip- = ^ip+. 

The sets F 2 = {4>+} and F 3 = {ip-} cover cases (2) and (3). Therefore, it remains to build F4 
for case (4). That is, we may assume that M > N' and {6j : i < M} is not a A-indiscernible 
set. 

By Lemma 14.2} there exists 5 £ ±A and t < N' such that, for all i ^ j with t < i,j < 
M - N' + 1 + 1, we have that 

i < j if and only if N 6(b , ...,b t _ 1 ,b i ,b j ,b M -N'+t+2, ...,b M -i)- 

That is, N' — 2 fixed parameters and one of the finitely many 5 £ ±A are enough to define 
the implicit ordering b t < 6 t+1 < • • • < bu-N'+t+i- For simplicity, let Y = {t, t + 1, M — 
N' + t + 1}. By definition of local dp-rank, for each a £ <£ x , p = tp^a/jfej : i £ Y}), 
there is an (N, n)-remainder S p good for the function Y — > 2 given by i h> TV(<^(a; By 
definition, S p = Y \ ({t,t+ 1, ...,t + 2N} Ul U ... U X n _i) for some family (X , 
of the appropriate sort. Having established the ordering of (pi : i < M), the type p is 
determined entirely by the following data: 

• The truth values Lf(a; k) for each i £ {0, 1, t, t + 1, t + 2iV} U X U ... U X n _ x U 
{M - N + t + 2, M - 1}. Note that this set is bounded in size by N' + 2N(n + 1) 
independently of M. 

• The truth values (p(a;bi c ) where {ic '■ C £ S/~s} is an y family of representatives for 
the classes of S/ ~ s . Note that the size of S/ ~5 is bounded by n+1 also independently 
ofM. 

Notice that the set {0, 1, t, t + l,...,t + 2N} U {M - N + t + 2, M - 1} is fixed for 
all types over {6, : i < M}. Moreover, each Xi for i < n is a convex set of size 2N + 1, 
dependent only on its first element. Thus, one can compile these data together with 5 £ ±A 
to define any Stp({bi : i < M}). More precisely, we let F 4 be the collection of formulas 

1ps,t,u,5{y] ( z i,j)i<n,j<2N+l, (Wk)k<N'+2N-l) 

for each s : N' + 2N - 1 2, t : (n x (2A^ + 1)) -»> 2, w : (n + 1) -> 2, and 5 £ ±A that takes 
in iV 7 + 2A^ — 1 static parameters (corresponding to {0, 1, t, t + 1, t + 2N} U {M - N + 
t + 2, M — 1}) and n(2A^ + 1) varying parameters (corresponding to X Q , X n _i) where 
S gives the ordering, s gives the truth value on the static parameters, t gives the truth value 
on the varying parameters, and u gives the truth value on the S/^s- 

Finally, we see that F = F\ U F 2 U F 3 U F 4 is a witness to the fact that UDTFSi n d(y?) <n. □ 

To conclude the paper, we look briefly at several interesting consequences of theorem 14.11 
Corollary 4.3. The VCi n d- density of any formula is always an integer. 

This shows a sharp difference between VC-density and VCi n( j- density. There are formulas 
ip with fractional VC-density (see, for example, Proposition 4.6 of However, all such 
formulas must have integer VCi n( j- density. 
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Corollary 4.4. Fix n < u. If all formulas of the form (p(x;y) (with x a singleton) have 
VCmd- density < n, then all formulas of the form <p(x;y) have VC m &- density < n ■ lg(x). 

Proof. The hypothesis is equivalent to dpR(l) < n by Theorem 14.11 and Proposition 13.11 
By Theorem 11.41 this implies that dpR(fc) < nk for all k < u. Again by Theorem 14.11 
and Proposition I3.1[ this implies that all formulas of the form ip(x;y) have VCind-density 
< n ■ lg(x). □ 

Similarly, we can show that bounding the dp-rank of a theory is equivalent to bounding 
the VCi n d-density of all formulas. In particular, we get the following characterization of 
dp-minimality clS db corollary: 

Corollary 4.5. A theory T is dp-minimal if and only if, for all formulas (p(x;y), the VC lu ^- 
density of ' <p is < lg(x). 

It is an open question (see PQ) whether or not this holds for standard VC-density. One 
direction is obvious, namely that if all formulas (p(x;y) have VC-density < lg(x), then T is 
dp-minimal. However, the differences between VC-density and VCi n d-density make showing 
the other direction seemingly quite difficult; specifically, an arbitrary finite set does not 
obviously decompose into indiscernible sequences. However, in light of |6J (Subsection 3.2) 
together with our Proposition 13.71 there is some reason to expect VC-density and VCind- 
density that may be closely related when the formula ip(x;y) in question is symmetric in x 
and y (so that <p(x;y) defines the edge-relation of a graph on lg(x)-tuples). In future work, 
we plan to investigate this possible connection. 

To conclude, then, we state a few interesting questions that we have had no luck in resolving 
so far. 

Open Questions. How exactly do VC-density and VC^d-density relate to each other? Is 
there a way of characterizing when a formula will have the same VC-density and VCind- 
density? Are there any (interesting) theories where these are equal for all formulas? 

An interesting question posed by Alf Onshuus is the following: Is it true that dpR(x) < m 
if and only if, for all formulas (p(x;y), the VC-density of ip is < m? By Theorem 14.11 and 
Proposition 13.11 this certainly holds if we replace VC-density with VCind-density 
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